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I. INTRODUCTION
Maldacena's AdS/CFT correspondence [1] , which has now been around for a decade or so, has provided us with remarkable insights into strongly-coupled gauge theories, and has passed numerous consistency checks. One such check, pointed out by E. Witten [2] , is that Chern-Simons terms in the action on the AdS side, which are not gauge-invariant on the projective boundary of AdS, correctly reproduce the anomaly structure of the global R-symmetry currents on the CFT side.
It is believed that the correspondence is rather general and can, in particular, be extended to cover the situation where the AdS space is truncated by one or more branes [3, 4, 5] . On the CFT side, this is interpreted as a breaking of the conformal symmetry. If the theory on the AdS side contains fermions, the presence of the branes leads to additional, anomalous contributions to gauge transformations in the d = 5 theory. These contributions have already been discussed for a flat extra-dimensional geometry, for example, in, [6, 7, 8, 9, 10, 11, 12] and for a warped geometry in [13] ; a clarification of these contributions and the rôles they play in the effective field theories on both sides of the AdS/CFT correspondence will be the goal of this Paper. We will also discuss the relevance for warped models of electroweak symmetry breaking.
We consider the correspondence in its crudest form, in which a gauge theory in a slice of an AdS 5 space (the so-called RS1 geometry [14] ), weakly-coupled to itself and to gravity, is dual 1 to some gauge theory in four dimensions with large rank and strong coupling. This four-dimensional theory has a conformal invariance that is broken explicitly by an ultra-violet (UV) cut-off and is non-linearly realized in the infra-red (IR).
We find that a consistent effective field theory (EFT) description can always be found, notwithstanding the presence of anomalies. In seeking this description, we take great care not to modify the existing degree-of-freedom content of the theory. The resulting low-energy spectrum in d = 4 is not that which might be obtained by a naïve dimensional reduction of the d = 5 theory. Indeed, we find that a consistent description generically contains extra, scalar states 2 . These are either present in the low-energy effective theory as light, physical states, or are eaten by gauge bosons, producing a theory with fewer massless gauge bosons in the low-energy spectrum. These extra scalar states play an essential rôle in the AdS/CFT correspondence: they lead to Wess-Zumino-Witten (WZW) terms in the low-energy effective action that guarantee that global anomalies in the d = 4 dual theory obey the 't Hooft matching condition [15] at all energy scales.
Models of this type, in which a local symmetry group G in the bulk of AdS 5 is broken to subgroups H 0 and H 1 on the branes (located at positions z 0 and z 1 , respectively, in the fifthdimensional co-ordinate) have been extensively invoked as models of electroweak symmetry breaking (EWSB), both with [16, 17] and without [18] Higgs scalars. They provide natural models in which the hierarchy between the Planck and electroweak scales is explained either by the warpfactor of the AdS geometry on the d = 5 side, or equivalently by the 'slow' running of the coupling constants on the d = 4 side. The effective theory at, or below, the weak scale is that of an H 0 -gauged G/H 1 non-linear sigma model, with the massive gauge bosons corresponding to generators in H 0 , but not in H 1 , integrated out. We show that specifying a plausible fermion content for one such model, the so-called MCHM 5 , renders it manifestly anomaly-free. Doing the same for other models results in non-vanishing fermion anomalies, which will need to be cancelled by adding Chern-Simons terms or, more generally, altering the fermion content; such changes, of course, affect the phenomenology, which we hope to explore in future work [19] .
Although our findings apply to the general case of arbitrary bulk gauge group G broken to subgroups H 0,1 on the branes, most of the pertinent features are already extant in the simplest case where G = U (1), and we shall use this as our primary example in the sequel.
The outline is as follows. In the next Section we review the contributions to gauge-variance in d = 5, coming from Chern-Simons terms and fermionic anomalies, and their relevance in the EFT context. In Section III, we discuss the d = 4 holographic interpretation. In Section IV we discus the implications for models of EWSB.
The work presented here overlaps with a recent preprint [20] , which, in particular, describes the holographic connection between the d = 5 Chern-Simons term and WZW terms in d = 4.
II. GAUGE-VARIANCE IN D=5
Consider a gauge theory on a d = 5 spacetime that is topologically of the form R 4 × I, where I is a closed interval of the real line. We use co-ordinates x µ on R 4 and z on the interval I = [z 0 , z 1 ].
We refer to the disjoint boundaries of the interval as the z 0 , or UV, brane and the z 1 , or IR, brane.
Equivalently [21] , one can think of a space obtained as some orbifold of the space R 4 × S 1 . We shall always use the interval formulation however, since it is more convenient for dealing with the general boundary conditions (BCs) that we shall employ.
Imposing the requirement of gauge-invariance in the bulk does not necessarily imply gaugeinvariance on the branes, either at the classical or quantum level. Indeed, consider a Chern-Simons term in the action for the U(1) theory in the bulk of the form 3
Under a d = 5 gauge transformation of the form
we find
whereF µν = 1 2 ǫ µνρσ F ρσ . So the action is not gauge-invariant on the branes even at the classical level, in the presence of the Chern-Simons term. This is not necessarily the only source of gauge-variance however. Charged fermions, either propagating in the bulk or localized on the branes, can also lead to gauge-variance at the quantum level, via anomalies.
Consider first a bulk fermion of charge Q with respect to the U (1) gauge symmetry. The smallest irreducible representation of the Dirac algebra in d = 5 has dimension four and is carried by a Dirac spinor Ψ. In a non-compact theory, this precludes the existence of a perturbative gauge anomaly, but this is not true in the presence of the branes, where different boundary conditions for the two Weyl spinors making up Ψ make the theory intrinsically chiral, as is clear from the existence of chiral zero modes in the d = 4 spectrum.
To see the resulting anomaly, let us take (x µ , z) as Poincaré co-ordinates on a slice of AdS 5 with curvature scale k, such that the metric (signature mostly-plus) is given by
The action for Ψ, including coupling to the gauge field, is
where M is the bulk Dirac mass, Γ M = e M A γ A are curved-space gamma matrices and D M = ∂ M + ω M − iQA M includes the spin connection. In terms of the re-scaled Weyl spinors, ψ α and χα, defined such that
the action is
Requiring that the variation of the action vanishes in the bulk gives the bulk equations of motion,
Requiring that the variation of the action vanishes on the branes gives the condition
which is satisfied by BCs of the form [23] 
at z = z 0 , z 1 , where Nβ α = ±N †β α (Nβ α may include boundary derivatives, and the ± signs account for partial integrations of these.).
Let us focus on just a subset of the possible BCs, where either ψ or χ is set to zero on each brane. We label the various possibilities by the ordered pair (α 0 , α 1 ), where the first entry refers to the z 0 brane and the second entry to the z 1 brane. The entries α 0 and α 1 take values in {+, −}; a plus indicates that χ vanishes on the relevant brane, whereas a minus indicates that ψ vanishes.
The reason for this notation will become evident when we consider the anomalies arising from the bulk fermion with the specified boundary conditions. Before we do that, let us point out that [21] the boundary conditions (+,+) give rise to a lefthanded massless Weyl fermion in d = 4, the (−, −) conditions give rise to a right-handed Weyl fermion, and the other possible BCs do not give rise to massless modes.
Returning to the anomalies, let us consider the effective action, Γ[A M ], in d = 5 obtained by integrating out the bulk fermion in a U (1) gauge field background, viz.
As a result of the anomaly, Γ[A M ] is not invariant under a background gauge transformation of the form (2). The variation for the BCs (α 0 , α 1 ) is easily determined by comparison with results previously obtained for S 1 /Z 2 [7] and S 1 /Z 2 × Z ′ 2 orbifolds [8] , and is given by
where
Let us pause to examine this result. Firstly, we see that the anomalies are localized on the branes.
This should come as no surprise, since it is only via the boundary conditions that any notion of chirality is introduced. The anomaly is a topological artefact, and for the same reason, the result is independent of the metric and the bulk mass M of the fermion. Secondly, the numerical factor deserves comment. There is an extra factor of two in the denominator relative to the usual consistent anomaly of a d = 4 Weyl fermion [24] . This extra factor of two indicates that the anomaly is split between the two branes: if we integrate A(x, z) over the z co-ordinate, we find a d = 4 anomaly whose value is the consistent anomaly of a left-handed Weyl fermion, multiplied by a factor
, which takes values +1, −1, or 0 for the BCs (+, +), (−, −), or (±, ∓) respectively.
We see that this d = 4 anomaly is in one-to-one correspondence with the anomaly produced by the d = 4 massless fermion modes.
Anomalies can also occur due to brane-localized fermions. Unsurprisingly, they result in a gauge-variation of the effective action (obtained in the usual way by integrating over the branelocalized fermions) that is localized on the relevant brane and whose value there is given by the usual d = 4 anomaly. For example, a left-handed Weyl fermion of charge Q on the z 0 brane results in a variation
So there are three possible contributions to gauge-variance in theories of this type, viz. from Chern-Simons terms for bulk gauge fields, and from bulk and brane-localized fermions. All contributions are localized on the branes and, in a convenient abuse of notation, we shall refer to them collectively as brane-localized anomalies (though the classical variation of the Chern-Simons term is not a quantum anomaly).
None of these observations is new, and indeed the implications of the brane-localized anomalies for physics have already been discussed at length in the literature [6, 7, 8, 9, 10, 11, 12] . In the original work [7] (formulated on a flat S 1 /Z 2 orbifold), it was shown that the usual d = 4 anomaly cancellation condition, applied to the d = 4 fermion zero modes, was a sufficient condition for cancellations of the d = 5 brane-localized anomalies. But this is not true for a more general orbifold (as was pointed out for the orbifold
. Insufficiency is easily exhibited in the interval formulation by means of a counter-example: consider a bulk fermion, charged under a bulk U (1) gauge symmetry, with (+, −) BCs. Such BCs do not admit a chiral zero mode, so there is no d = 4 anomaly. However, the d = 5 brane-localized anomalies are non-vanishing, albeit equal and opposite.
In our counter-example (and in the example of [8] ), the brane-localized anomalies can be cancelled, without modifying the degrees of freedom of the theory, by a Chern-Simons term with an appropriate coefficient [9] , rendering both the d = 4 and d = 5 theories anomaly-free. But it is easy in the interval formulation to construct a different counter-example, where anomaly cancellation cannot be achieved by Chern-Simons terms: consider instead bulk gauge group G = SU (2), broken on both branes to the U (1) subgroup generated by T 3 . One possibility for the d = 5 fermion content is to put a brane-localized left-handed Weyl fermions on each brane but with opposite U (1) charge. There is no net anomaly in the spectrum of fermion zero-modes, yet the equal and opposite anomalies on the branes cannot be cancelled by the non-Abelian Chern-Simons term,
which is proportional to T r(T a {T b , T c }) and therefore vanishes for SU (2). Alternatively, we can take the fermion content to be a bulk fermion transforming as a doublet under the bulk SU (2).
The BCs for the SU (2) doublet Ψ 1 Ψ 2 T need only respect the residual U (1) symmetry on the branes; we take them to be (+, −) for Ψ 1 , which has charge +1 under the U (1), and (−, +) for Ψ 2 , which has charge −1. Computing the anomaly as above, we find That Chern-Simons terms do not suffice to cancel the brane-localized anomalies in d = 5, given the the d = 4 zero mode anomalies vanish, was already observed in [10] for orbifold theories in arbitrary dimensions, with the Chern-Simons terms generalized to four-form Green-Schwarz [25] fields.
Finally, it was noted that U (1) anomalies of the type occurring in our SU (2) counter-example could be cancelled by the addition of Green-Schwarz two-form bulk fields [26] , or twisted RamondRamond brane-localized fields [27] . But in adding such fields, it would appear, at least naïvely, that the degree-of-freedom content of the theory is being changed.
Instead of trying to cancel the brane-localized anomalies in this way, we should like to follow a different tack, motivated by the knowledge that we are dealing with theories in d = 5, that are inherently non-renormalizable. They can, at best, be considered as EFTs, valid up to some UV cut-off. In a renormalizable theory, the reasons for requiring anomaly cancellation are two-fold:
anomalies spoil both renormalizability and unitarity. In a non-renormalizable theory, as Preskill [28] has pointed out, the only relevant issue is: what is the cut-off scale, beyond which strongcoupling, unitarity violation, or other problems occur? He has, moreover, given lucid arguments that show that one can always find a consistent EFT description of an anomalous gauge theory, valid up to some non-vanishing cut-off, provided one allows the anomalous local symmetries to be non-linearly realized. Thus we should expect that a consistent description of an anomalous theory in d = 5 can always be found, irrespective of whether or not anomalies can be made to cancel, and without changing the degrees of freedom of the theory. Our principal aim will be to find this description.
What is more, there are two arguments that suggest that this approach will be instructive in the context of the AdS/CFT correspondence. Firstly, the coefficient of the Chern-Simons term is a measure of the fermion content of the CFT [2] . We should like to consider an arbitrary CFT, so we should also consider an arbitrary coefficient for the Chern-Simons term, in which case the brane-localized anomalies will, in general, be non-vanishing.
Secondly, the AdS/CFT correspondence tells us that the z co-ordinate in How, then, do we find a consistent EFT description of a theory in d = 5 with brane-localized gauge anomalies, without changing the degrees of freedom of the theory? The problem with anomalies is that they lead to a loss of gauge-invariance. In a gauge-invariant theory, on the other hand, constructing a consistent EFT description is straightforward, because gauge invariance furnishes us with a set of equivalent descriptions of the theory, any of which can be invoked as one's whim dictates. Then, for example, the strong-coupling scale (at which calculability is lost) is easily determined by power counting in a gauge in which the propagator is well-behaved, e.g. the 't Hooft-Feynman gauge. Then it is easy to see that the strong-coupling scale is the true cut-off, because Lorentz invariance and unitarity are easily exhibited up to the strong-coupling scale, by working in a covariant gauge or unitary gauge, respectively.
But in an anomalous theory, the gauge-invariance, and its associated benefits, seem to be absent. All is not lost, however, once we realize that gauge symmetry is not really a symmetry at all, but rather (in the sense discussed above) a redundancy, a set of equivalent descriptions. It is, furthermore, a redundancy that is easily resurrected, by adding dynamical scalar fields transforming under the gauge group, and including terms involving the scalar fields that cancel the original anomalous variations coming from the fermions. To show that the new description with additional scalar fields and non-anomalous gauge symmetry is equivalent to the old one, it suffices (at least locally) to choose the gauge in which the scalars vanish. We are then left with a theory without the scalars and without the gauge symmetry, viz. the original description. We stress that adding the scalars in this way does not change the degree-of-freedom content of the theory.
Following Preskill [28] , let us see how this works in the case of a U (1) gauge theory in d = 4, coupled to a left-handed Weyl fermion of charge Q. Under a background gauge transformation
, the effective action obtained by integrating out the fermion varies, analogously to (12) and (13), as
To resurrect the gauge invariance, introduce a scalar field θ, transforming as θ → θ + λ under the U (1), together with a non-renormalizable term in the Lagrangian of the form
It is then apparent that gauge invariance of the effective action is restored, and further that the original description is recovered by the gauge choice θ = 0. This is not the end of the story, however; in the spirit of EFT, we should include all terms in the effective Lagrangian consistent with the symmetry, since they will be generated by quantum effects, even if we do not include them a priori. In particular, kinetic terms for θ will be induced, at leading order in the derivative expansion. Thus, the full effective Lagrangian takes the form
where the ellipsis denotes terms suppressed by powers of the scale f . Because of the gauge invariance, the theory is manifestly Lorentz-invariant and unitary, up to the cut-off scale at which strong-coupling occurs, which we estimate on the basis of naïve dimensional analysis to be around 4πf . To go back to the original description, we set θ = 0; we see that we have an effective theory of a gauge boson of mass gf , coupled to a massless Weyl fermion, and valid up to a cut-off 4πf .
In the gauge-invariant description, the massive gauge boson arises because the gauge symmetry is non-linearly realized by the Goldstone boson θ.
Having seen how the resurrection of gauge invariance is used to construct a consistent EFT in d = 4, let us apply the same idea to construct a consistent EFT of an anomalous gauge theory on an interval in d = 5. Consider again a U (1) gauge symmetry in the bulk, unbroken on the branes at the classical quadratic level, but with gauge-variant contributions from arbitrary brane-localized anomalies of the form
The theory is gauge-invariant in the bulk, but not, in general, on the branes. To make a manifestlyconsistent EFT, we resurrect the gauge symmetry on the branes by adding brane-localized scalars, θ 0 and θ 1 , transforming as
together with brane-localized interaction terms of the form
Yet again, the spirit of EFT demands that we write down all terms consistent with the bulk U (1) and other symmetries. Up to quadratic order in the derivative and field expansion (and disregarding the fermions), we have
Now the scales f 0 and f 1 are given by the natural scales on the respective branes, viz. 1/z 0 and 1/z 1 , and g 0 and g 1 are the couplings of brane-localized gauge kinetic terms.
We note that, at the quadratic level (which determines the spectrum), the only effect of nonvanishing brane-localized anomalies is to force the inclusion of brane-localized scalars in order to maintain a fully gauge-invariant description. Now, the effect of adding brane-localized scalars is well-known [21] ; it changes the spectrum of zero modes in d = 4, when we do the Kaluza-Klein expansion. To see this, we first need to fix the gauge. Let us define the ξ-gauge by adding to the bulk action the gauge-fixing term
The gauge is not fixed completely. There are residual gauge transformations Λ(x, z), such that
under which (25) is invariant. This is a second-order differential equation in z, whose solution contains two arbitrary functions of x. To fix these two, residual, d = 4, gauge symmetries, we also define the ξ 0 -and ξ 1 -gauges that correspond to adding the brane-localized terms,
and
respectively. These suffice to fix the gauge completely. Requiring that the variation of the action vanishes in the bulk gives the bulk equations of motion for the A µ and A 5 zero modes,
The solutions of the bulk equations of motion are,
where B µ , C µ , D and E do not depend on z.
Requiring that the variation of the action vanishes on the branes gives the conditions,
where the + and − are for z = z 0 and z = z 1 , respectively.
Substituting the solutions for A µ and A 5 into the boundary variations we find that the zero modes are,
where E is unconstrained until fixed by the normalization of the zero mode. We see that we have a scalar zero mode which is partly A 5 , partly θ 0 and partly θ 1 . There is no vector zero mode.
Needless to say, the spectrum of zero modes is a physical and gauge-independent quantity, though its description in terms of fields is not. Let us, then, reassure ourselves that computing the spectrum in another gauge will give the same result. Most interesting among these is a gauge in which the boundary scalars θ 0,1 vanish, because in this gauge we recover the original description of the anomalous gauge theory. Now the gauge-fixed action, S = S bulk + S 0 + S 1 , has contributions
The bulk equations of motion for A µ and A 5 are identical to the previous case and so the solutions are those given in (31) and (32) . The boundary variations for A µ are identical to those shown in (33) and consequently there is no zero mode for A µ . The boundary variations for A 5 are now given by
Substituting the bulk solution for A 5 into the above we find the zero mode
where E is unconstrained. So again we find a scalar zero mode and no zero mode for A µ .
Yet another gauge is A 5 = 0. In this gauge, the residual gauge transformations, Λ(x, z) such that ∂ 5 Λ(x, z) = 0, contain only one arbitrary function of x, so the gauge is fixed completely by a further gauge fixing on just one brane, say at z 0 . So now the gauge-fixed action, S = S bulk +S 0 +S 1 , can be chosen to consist of
In this gauge, it is useful to split the gauge field into transverse and longitudinal components defined in d = 4 momentum space by
The bulk equations of motion for the zero modes are
with solutions
The boundary variations in momentum space in this gauge are given by
Substituting the bulk solutions for A T µ and A Lµ into the above, we find that there is no zero mode for A T µ , but there is a zero mode which is part A Lµ and part θ 1 . The A Lµ part is, however, unphysical since it does not couple to conserved currents. We are thus left with the scalar zero mode, θ 1 .
We see, exhaustively, that the spectrum of zero modes is the same in a variety of gauges, and, in particular, in the gauge in which the original description of the anomalous theory is recovered. The important point in this gauge is that a consistent EFT treatment requires that we include mass terms for the gauge fields on the boundary (cf. (37)). In retrospect, this hardly seems surprising,
given that the gauge symmetry that would have forbidden such terms on the branes is anomalous.
(If we had chosen, perversely, not to include the mass terms at tree-level, they would be generated nevertheless by loop effects.)
Let us compare with the spectrum of massless modes we would have obtained with vanishing anomalies on both branes, i.e. with α 0 = α 1 = 0. Now gauge invariance is achieved without the boundary scalars. The simplest way to find the spectrum is to choose A 5 = 0 gauge. The action in this case is
The bulk equation of motion and boundary variations are
respectively. We see that now there is a massless gauge boson in the spectrum given by A µ = B µ , where B µ is an undetermined constant in z. Similarly, we may consider the case where just one of the brane-localized anomalies is non-vanishing. The spectrum contains neither vector nor scalar zero modes.
Let us now compare our findings with those obtained previously in the string theory context.
By being careful not to change the degrees of freedom content of the theory, we have found that the zero-mode spectrum depends solely on whether or not the brane-localized anomaly coefficients, In the previous literature, it was found (in the case that both anomalies are non-vanishing) that cancelling anomalies by brane-localized twisted Ramond-Ramond states [27] gave precisely this pattern, whereas cancelling them by bulk Green-Schwarz two-forms [26] gave no zero mode for α 0 = −α 1 , and both vector and scalar zero modes otherwise. Our explanation for this is as follows. Adding brane-localized states resurrects gauge-invariance on the branes without changing the degree of freedom content of the theory (the brane-localized states can be gauged away).
Adding bulk two-forms, however, resurrects gauge-invariance on the branes, but also changes the degrees of freedom of the theory. Indeed, it is clearly impossible to gauge away a bulk field with the resurrected brane-localized gauge symmetry. In a sense then, our results are just an effective field theorist's vulgarization of the string theory results.
Let us now make two immediate generalizations. Firstly, we consider the case where the gauge symmetry is assumed broken (or rather, non-linearly realized) ab initio on one or both branes. The easiest way to realize this in the interval approach is to include a boundary scalar or scalars by hand [21] , just as one does for an anomaly. Of course, now there is no term of the form (18), but as we have seen, this is irrelevant as far as determining the spectrum is concerned: it is the mere presence of the scalar (forced upon us in the anomalous case) that changes the spectrum.
Secondly, we can consider what happens in the case of a general non-Abelian bulk gauge group G broken to subgroups H 0,1 on the respective branes. As in the last paragraph, this is easily achieved in the interval approach via boundary scalars. Yet again, if any of the generators of the subgroups H 0,1 has a brane-localized anomaly, we should add a boundary scalar for that generator on the relevant brane, together with a non-Abelian Wess-Zumino-Witten (WZW) term [29] , generalizing (18) , to cancel the anomaly. The type of zero mode, if any, corresponding to that generator is then determined by exactly the same considerations as in the U (1) case above. So, for example, if a would-be massless gauge boson (corresponding to a generator in H 0 ∩ H 1 ) has an anomaly on one or both branes, we will find in its stead either no massless state, or a light scalar.
We remark that, although such scalars appear massless at tree-level, they will acquire masses via quantum loops of propagators stretching from one brane to the other. The masses arise because one brane does not respect the symmetry group of the other. Thus, boundary scalars, which are Goldstone bosons of the subgroup on the relevant brane, are really pseudo-Goldstone bosons. The resulting masses, which are non-local in origin, are finite, and are of order 1/z 1 in magnitude, further suppressed by a loop factor of order 4π [16] . It is for this reason that we refer to them as light scalars, rather than massless scalars.
Finally, we remind the reader that, although we have focused our attention on theories on a warped interval (which admit a holographic dual), the anomaly considerations discussed here apply equally to a theory on an interval with arbitrary geometry. This is because the brane-localized anomaly structure depends only on the topology of the interval and the associated fermionic boundary conditions. If the brane-localized anomalies are non-vanishing, the construction of a consistent EFT is easily done, by adding boundary scalars in the same fashion, and the same conclusion applies: the spectrum of d = 4 zero modes in the presence of a brane-localized anomaly is altered,
in that there are either extra, light scalars, or fewer massless gauge bosons.
III. ANOMALIES IN D=4
We saw in the preceding section how a consistent EFT description for an anomalous gauge In this section, we explain the rôle these scalar states play in the context of the AdS/CFT correspondence for a warped geometry: they ensure 't Hooft matching of anomalies of global symmetries in the d = 4 dual, at all energy scales.
Before seeing how this comes about, we remind the reader of 't Hooft's argument [15] . Consider a theory with some global symmetry group G that has an anomaly at some energy scale, meaning that some correlation function of three global currents has non-vanishing divergence, or equivalently that the divergence of the current is non-vanishing in the presence of a background gauge field.
(In typical examples, the theory is taken to be weakly-coupled at the given scale, such that the anomaly is calculable.) Now add spectator fermions, transforming in representations of G so as to cancel the global G anomalies, and weakly-gauge the symmetry G, with gauge coupling strength g ≪ 1. As we run down to a lower energy scale, the gauge theory we have constructed remains, of course, anomaly-free. If we then further take the limit in which g → 0, decoupling the gauge fields, we again end up with a theory with anomaly-free global symmetry group G. This theory still contains the decoupled spectator fermions (since they were only ever weakly coupled to other sectors), whose contribution to the global G anomalies is the same as it was at the higher scale. To set the scene, let us review Witten's original observation [2] , relating the anomalies in the d = 4 theory and the Chern-Simons term in an AdS space without branes. We start from Witten's conjecture for the AdS/CFT correspondence in the form
where the right-hand side represents a path-integral in AdS with respect to generic bulk field Φ(x, z), with the restriction that Φ(x, z) tends to the value ϕ(x) on the projective boundary of AdS, given by z → 0. According to the conjecture, this is equivalent to the correlation function of a CFT deformed by Oϕ, where O is some operator of the CFT dual to the source ϕ(x). In the limit in which we are interested, where the CFT has large rank and strong ('t Hooft) coupling, the path integral on the right-hand side is understood to be computed on-shell, i.e. the action is evaluated subject to the condition that the classical equations of motion are satisfied. As it stands, the correspondence is ill-defined: the action on the right-hand side has a divergence that comes from integrating the Lagrangian density over the IR of AdS (the region of small z). If the correspondence has any chance of being true, it must be that the left-hand side is also divergent, and indeed it is: the divergence is a UV divergence arising because we have deformed the CFT.
This corroborates our previous claim that log z corresponds to the energy scale in the d = 4 dual:
the region of small z in AdS 5 corresponds to the UV region of the CFT. More specifically, we can remove the divergence on the AdS side, by truncating AdS 5 at some small value z = z 0 ; this truncation must correspond to cutting-off the deformed CFT in the UV in some definite fashion at a scale ∼ 1/z 0 . The conjectured correspondence is thus modified to
where we have put a prime on the left-hand side to indicate that the deformed CFT has been cut-off in the UV. We note in passing, that cutting-off the CFT in the UV will, in general, induce kinetic terms for the generic source field ϕ(x) (a source is, from the EFT point of view, just a higherdimensional field), so we are free to make ϕ(x) a dynamical field if we so choose, by performing a path-integral with respect to it on both sides of (54).
In the particular case of a bulk gauge field, A M (x, z), we might write the correspondence as
For the time being, we choose not to path-integrate with respect to the boundary field a µ (x) = Since the integrand is gauge-invariant, we find
Thus
Going further, we may ask what happens if the d = 5 action contains a Chern-Simons term, such that the action is gauge-invariant everywhere, except on the z 0 boundary. For a Chern-Simons term of the form (1), the same argument implies that
where f µν = ∂ µ a ν − ∂ ν a µ . So we find that the bulk Chern-Simons term produces an anomaly in the global current of the cut-off, deformed CFT, in the presence of the background gauge field a µ .
In particular, in the case of Type IIB supergravity on AdS 5 , one finds that the Chern-Simons term for SU (4) bulk gauge fields reproduces the global anomaly of the SU (4) R-symmetry currents in the d = 4 dual, which is N = 4 supersymmetric Yang-Mills theory [2, 30] .
On reflection, the argument we have just reviewed is suspect, because the path integral on the right-hand side of (55) involves integration over infinitely many, physically-equivalent, gauge field configurations. In order to make sense of this path-integral, we need to regulate it by, say, the procedure of Fadeev and Popov, or more generally, BRST. But such a gauge-fixing procedure invalidates the argument just given, which invoked gauge-invariance of the integrand in the d = 5
theory.
We can recover the argument in a refined form by regulating the d = 5 path integral in such a way that it is rendered finite (at least at tree-level), but such that there remains a residual bulk gauge symmetry to which a background gauge transformation λ(x) can be smoothly lifted. A suitable regulator is provided by the delta-functional δ(A 5 (x, z)) (for which the Faddev-Popov determinant is trivial), whose argument is invariant under the residual gauge transformations Λ(x, z) such that ∂ 5 Λ(x, z) = 0, i.e. those for which Λ(x, z) is independent of z. We note that this is compatible with the boundary condition, A 5 (x, z 0 ) = 0, chosen on the z 0 brane. Furthermore, with this BC, the regulator δ(A 5 (x, z)) can be used even when the theory is not gauge-invariant on the z 0 brane, because of an anomaly. This is because we have chosen A 5 = 0 as a boundary condition there, for which the argument of the delta-functional vanishes identically. With the delta-functional regulator included, the correspondence becomes
and the path integral on the right-hand side is rendered finite in such a way that the argument given previously still goes through. We shall make frequent use of this argument, which we call the holographic anomaly argument, in the sequel. We repeat that it can be employed whenever the d = 5 theory is gauge-invariant for z > z 0 .
Hitherto, we have only considered the possibility of gauge-variance on the z 0 brane resulting from Chern-Simons terms. If we have a bulk fermion Ψ charged under the gauge group, then it should also be present in the path integral on the right-hand side, including the path-integration with respect to its value on the z 0 -brane. With the types of fermionic BCs we have considered, only one Weyl component of Ψ, ψ say, can be non-vanishing and (60) is modified to
where we included a possible brane-localized action, S 0 , for the fermion. When we invoke the holographic anomaly argument, we will pick up an extra contribution to gauge-variance on the z 0 brane coming from the Jacobean of the bulk fermion measure under the gauge transformation.
This Jacobean is determined directly from (13), where, because there is currently only a single brane (at z = z 0 ), we discard the z 1 piece. The holographic anomaly argument then gives
where now c contains contributions from both the Chern-Simons terms and the bulk fermion.
Similarly, for a dynamical brane-localized fermion ψ ′ at z = z 0 , we should take (60), include the brane-localized action for the fermion, and path-integrate with respect to it, obtaining
Now when we make the holographic anomaly argument, we find an expression like (61), but now the coefficient c contains contributions from Chern-Simons terms and brane-localized fermions.
In this way, we see how the z 0 -brane-localized gauge anomaly of the d = 5 theory computes, via the holographic anomaly argument, the global anomaly of the d = 4 dual, which is a stronglycoupled CFT coupled to external fields, in a background gauge field. This anomaly is, of course, the anomaly computed at the scale 1/z 0 .
To see how 't Hooft matching works in the d = 4 dual, we need to compute the anomaly at some lower energy scale, 1/z ′ ,say. To do so, we need to compute the EFT for the d = 4 dual obtained by integrating out the physics at energy scales corresponding to z 0 < z < z ′ . In the d = 5 picture, we do this by shifting the position of the z 0 brane to z = z ′ , whilst demanding that the physics at z > z ′ remains the same. At tree-level, this amounts to modifying the brane-localized action at z ′ such that the solutions of the d = 5 equations of motion remain the same for z > z ′ . The details of this 'holographic renormalization group flow' are described in [31, 32] ; as far as the anomalies are concerned though, the flow is trivial. The theory with brane at z ′ contains the same field content as the theory with brane at z 0 , and therefore the brane-localized anomalies remain the same. As a corollary, the global anomalies of the d = 4 dual cut-off at 1/z ′ are the same for all z ′ > z 0 , and 't Hooft matching is trivial.
So far, we have explicitly excluded the brane at z = z 1 from our arguments. Re-instating the brane corresponds [3, 4] to spontaneously breaking the conformal symmetry in the IR at energy scale 1/z 1 . At energy scales lower than 1/z 1 , the correspondence no longer holds; the d = 4 theory must be studied in the normal way, without recourse to holographic arguments. We know from the previous section that adding the brane at z = z 1 introduces further gauge anomalies into the d = 5
theory. What, then, do these correspond to on the dual d = 4 side? In trying to generalize the arguments we have just made for the theory with only a single brane at z = z 0 , we immediately encounter a problem: the presence of a non-vanishing anomaly on the z 1 brane prohibits us a priori from making the holographic anomaly argument, because this assumed gauge invariance for z > z 0 ;
the existence of the anomaly implies that there is no gauge symmetry at z = z 1 . Unsurprisingly, the solution is to resurrect the gauge symmetry at z = z 1 , by adding a scalar field θ 1 together with a brane-localized term of the form (18), just as we did before. We stress again that we are not changing the theory or its degrees of freedom, but merely furnishing ourselves with an equivalent description.
The beauty of this equivalent description, with resurrected gauge symmetry on the z 1 brane, is that we can invoke the holographic anomaly argument once more. 4 When we do so, we find that the global anomaly of the d = 4 dual at the scale 1/z 0 is computed by the gauge anomaly on the z 0 brane in the d = 5 theory, and that by shifting the position of the z 0 brane to z 0 ≤ z ′ < z 1 whilst keeping the physics the same, the global anomaly trivially obeys the 't Hooft matching condition at all scales 1/z 0 ≥ 1/z ′ > 1/z 1 . What happens at z ′ = z 1 ? In the d = 5 picture, this corresponds to the endpoint of the holographic RG flow, with the cut-off brane at z ′ hitting the IR brane at z 1 . Now the entire bulk has been integrated out, and we are left with a d = 4 EFT with cut-off 1/z 1 , obtained by adding the z ′ -brane-localized action (with z ′ → z 1 ) to the z 1 -brane-localized action [32] . If we make the holographic anomaly argument at z ′ = z 1 , we will find that the global anomaly of the d = 4 dual cut-off at z 1 is still the same as the anomaly at z ′ < z 1 : contributions to the z 1 -brane-localized anomaly, whether they come from Chern-Simons terms, or bulk or brane-localized fermions, are cancelled by the boundary scalar θ 1 , which appears as a light state in the low-energy d = 4 theory. What happens at energy scales below 1/z 1 ? Now the correspondence breaks down, but we can still compute the effective action by taking the effective theory with cut-off 1/z 1 and integrating down to the lower energy scale in the normal way. The global anomalies must still match, and, provided the degrees of freedom remain weakly-coupled, come from the light fermions and scalars.
We remind the reader that, so far in this section we have kept the gauge field a µ (x) as a nondynamical, background gauge field, since this is what we need for computing the global anomalies of the d = 4 dual theory. We can also choose to make the gauge field dynamical, by path-integrating with respect to it on both sides of, e.g. (60). The fate of a light scalar (assuming there is a nonvanishing anomaly for some generator on the z 1 brane) then depends on whether or not there is an anomaly for the generator on the z 0 brane. If there is an anomaly on the z 0 brane, then a mass term will be generated for the gauge field in the d = 4 dual EFT at the scale 1/z 0 ; it will not be present in the low-energy spectrum, but the scalar will. If, by contrast, there is no anomaly on the z 0 brane, the dynamical gauge field will be present as a massless gauge field in the theory cut-off at energy scales above 1/z 1 . At the energy scale 1/z 1 , it will 'eat' the scalar θ 1 , leaving neither a gauge boson nor a scalar in the low-energy spectrum. These spectra are, of course, just those we determined in the previous section.
What would happen if we chose not to resurrect the gauge symmetry on the z 1 brane by adding the scalar θ 1 ? Now we cannot use the holographic anomaly argument to compute the global anomalies of the d = 4 dual, because the theory is not gauge invariant for all z > z 0 .
That said, the spectrum of d = 4 zero modes, including possibly a light scalar degree of freedom, cannot change, since the spectrum cannot depend on which equivalent description of the theory we choose. Reassuringly, the spectrum does not change: as we saw in the previous section, the scalar is provided in this description by a zero mode of the A 5 field, rather than by θ 1 . What does change is that we cannot compute the global anomaly of the d = 4 dual in this description, because we simply do not have a theorem, in the form of the holographic anomaly argument, available to us.
IV. IMPLICATIONS FOR WARPED MODELS OF EWSB
We have tacitly assumed a U (1) bulk gauge symmetry in the foregoing, but generalization to the case where bulk gauge group G is broken to subgroups H 0,1 on the respective branes is straightforward. We simply analyse each generator of the bulk Lie algebra in turn. If the generator is assumed to be unbroken on a given brane (i.e. contained in H 0 or H 1 , as appropriate) then we should consider whether there is an anomaly, involving that generator, localized on the given brane, due to any of the sources we discussed above. If there is an anomaly, then we can find a consistent EFT by adding a boundary scalar to restore gauge invariance. This means, though, that just as in the U(1) case, the spectrum of massless states in d = 4 will be changed, with either extra light scalars or fewer massless gauge bosons. So, in general, all of the H 0,1, anomalies on the respective branes must be cancelled in order that the spectrum of massless states be that which is assumed a priori.
This observation is of some relevance for warped models of electroweak symmetry-breaking in the Standard Model (SM).
Take, as an example, the Composite Higgs Model of [17] . This model employs a bulk gauge 
where ξ q 1 , ξ u (ξ q 2 , ξ d ) transform as 5 2/3 (5 −1/3 ) multiplets of SO (5) 
where ξ l 1 , ξ ν (ξ l 2 , ξ e ) transform as 5 0 (5 −1 ) multiplets of SO(5) × U (1) X . In analogy with the quarks, for each generation of leptons there is an additional right-handed doublet of SU (2) L , l R = (2, 0) l R , localized on the UV brane. These boundary leptons have Y = −1/2. We find that for the fermion content described above there are no anomalies for either H 0 or H 1 in the MHCM 5 .
Consequently, this particular version of the MCHM generates the correct spectra of SM gauge and Higgs bosons, without recourse to Chern-Simons terms. We have also computed the anomalies for the MCHM 10 and various other warped models of SM EWSB, both with and without a Higgs. In many of these models the full content of the fermionic sector is somewhat ambiguous. However, in the same way as we have done for the MCHM 5 we can write down a plausible fermionic sector and calculate the resulting fermionic anomalies. We find that in the majority of these models there are non-vanishing brane-localized fermion anomalies which need to be cancelled in order to get the correct description of the SM at low energies. Two possible ways to cancel these anomalies are either to add Chern-Simons terms to the d = 5 theory, and/or, more generally, to change the fermion content of the model; such changes will affect the low-energy phenomenology, which we hope to explore in future work [19] .
